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. $[0,2\pi/2^{j}]$ $0$ $2\pi/2^{j}$ –
$2^{j}\mathrm{T}$ . $f\in L^{2}(\mathrm{R})$ $j,$ $k\in \mathrm{Z}$ ,
$f_{jk}(x):=2^{j/2}f(2^{j}x-k)$
. , $||f_{jk}||=||f||$ . $f_{jk}$ , $f$
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$\bullet$ Translation by integers: $f(x-k),$ $k\in$ Z.
$\bullet$ Dyadic dilation: $f(2^{j}x),$ $j\in \mathrm{Z}$ .
.
1.1 $\psi\in L^{2}(\mathrm{R})$ , $\{\psi_{jk}\}_{j,k\mathrm{Z}}\in$ $L^{2}(\mathrm{R})$
, $\psi$ (wavelet function),
. , $f\in L^{2}(\mathrm{R})$ $\{\psi_{jk}\}j,k\in \mathrm{Z}$
$f=$ $\sum$ $(f_{)}\psi_{jk})\psi_{jk}$ (1)
$j,k\in \mathrm{Z}$




. , $j$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\overline{\psi_{jk}}$ $k\in \mathrm{Z}$
. , $\psi$
, $f$ $(f, \psi_{jk})\psi_{jk}$ , $j$
$k\in \mathrm{Z}$ , $f$ $x$ ( ) $k/2^{j}$






$\forall\ell\in \mathrm{N},$ $\exists C_{l;}|\psi(X)|\leq C(1+|x|)^{-l}$ .
(ii) (vanishing moments):






$\psi$ (i) , $\psi$ .
$\psi$ , $r$ (iii) , $\psi$ $r$
(i) , $\psi$ $r$




1.2 $r\in \mathrm{z}_{+}$ ,
$S_{r}(\mathrm{R}):=$ { $f\in C^{r}(\mathrm{R})$ ; $f^{(\alpha)}$ , 0\leq \alpha \leq H }
. $f$ $f\in S_{r}(\mathrm{R})$ , $f$ $r$ .
[15] , , $C^{r}(\mathrm{R})$ $L^{\infty}(\mathrm{R})$
r-regular .
, Daubechies
$-$ [9] . Daubechies
, $N\geq 2$ ,
$N\psi$ , $2N-1$
, $r(N)$ $N-1$
. $r(N)$ , $N$ ,



















, , , translation
by integers dyadic dilation
.
1.3 $d\in \mathrm{N}$ , $D:=\{1, \ldots, d\}$ . $\Psi$ $:=$





) , (uniwavelet) .
$d=2$ , Geronimo, Hardin Massopust[11]
( ) Donavan, Geronimo Hardin
Massopust [10] ( 1 )








. , Strang Strela [20] $d=2$ , Piecewise linear
( 2 )
.











(d) $f(x)\in V_{j}$ $\Leftrightarrow$ $f(2x)\in V_{j+1}$
(e) $\Phi(x):={}^{t}(\varphi_{1}(X), \ldots, \varphi_{d}(x))\in(V_{0})^{d}$
, $\{\varphi\delta(x-k)\}_{\delta}\in D,k\in \mathrm{z}$ $V0$ .
$j$ , $\Phi$ .
$\{V_{j}\}_{j\in}\mathrm{z}$ $r$ , $\forall_{\delta}\in D;\varphi_{\delta}\in S_{r}(\mathrm{R})$
.
(e) ,
$f(x)\in V_{0}\Leftrightarrow\forall_{k}\in \mathrm{Z};f(x-k)\in V_{0}$ (3)
, (d) (e) ,




2.1 $r$ $\{V_{j}\}_{j\in \mathrm{z}}$ , $r$
.
: $r$ $\{V_{j}\}_{j\in \mathrm{Z}}$ .
(4) $V_{0}\subset V_{1}$ ,
$H_{k}$ : $=$ $(\Phi(x), t\Phi(2X-k))L^{2}(\mathrm{R})$
$=$ $((\varphi_{\delta}(x), \varphi_{\eta}(2x-k))L2(\mathrm{R}))(\delta,\eta)\in D\mathrm{X}D\in \mathrm{c}^{d\cross}d$ (5)
$\Phi(x)=2\sum_{\mathrm{Z}k\in}Hk\Phi(2x-k)$ (6)
. (6) $\Phi$ , (dilation
equation) . (6) ,




. , $\hat{\Phi}(\xi):=(\hat{\varphi}_{1}(\xi), \ldots ,\hat{\varphi}_{d}(\xi))\in L^{2}(\mathrm{R})^{d}$ .
$\ovalbox{\tt\small REJECT}$ . , .
Mo 2.1 .
2.1
$M_{\mathit{0}}(\xi)M_{0}(\xi)^{*}+M_{\mathit{0}^{(}}\xi+\pi)M0(\xi+\pi)*\equiv I_{d}$ , $\mathrm{a}.\mathrm{e}$ . $\xi$ (9)
, $M_{0}^{*}$ $M_{0}$ , $I_{d}$ $d$ .
2.2 .
2.2 $\{\varphi_{\delta}(X-k)\}_{\delta}\in D,k\in \mathrm{z}$
$\sum_{k\in \mathrm{Z}}\hat{\Phi}(\xi+2\pi k)\hat{\Phi}(\xi+2\pi k)^{*}\equiv I_{d}$. $\mathrm{a}.\mathrm{e}$ . $\xi$ (10)
$j\in \mathrm{Z}$ , $V_{j+1}$ $V_{j}$ $W_{j}$ .
$V_{j+1}=V_{j}\oplus W_{j}$ . $V\mathit{0}$ $V_{-1}$
$FV_{0}=L^{2}(\mathrm{T})^{d}\hat{\Phi}(\xi)$ , $FV_{-1}=L^{2}(2\mathrm{T})dM_{\mathit{0}}(\xi)\hat{\Phi}(\xi)$ (11)
$W_{-1}$ , $W_{0}$
, $\Psi(x):={}^{t}(\psi_{1}(X), \ldots, \psi_{d}(x))\in(W_{0})^{d}$
, $\{\psi\delta(x-k)\}_{\delta\in D},k\in \mathrm{Z}$ $W\mathit{0}$ .
$\Psi(x)$ . $\blacksquare$
2.1 $x$ $n$ , $W_{0}$
$(2^{n}-1)d$ . , [3] .
.
$\Psi(x):={}^{t}(\psi_{1}(X), \ldots , \psi_{d}(x))\in(W_{0})^{d}$ , $\{\psi_{\delta}(x-$
$k)\}_{\delta\in D,k}\in \mathrm{Z}$ $W\mathit{0}$ . ,
$G_{k}$ : $=$ $(\Psi(x),{}^{t}\Phi(2x-k))L^{2}(\mathrm{R})$




. (13) $\Psi$ ,
(wavelet equation) . (13) $\Phi$ ,
(7) . (13) ,










, $\xi\in \mathrm{T}$ , $2d$
.
2.2 $r$ , $M_{0}(\xi)\in C^{\infty}(\mathrm{T})^{dd}\chi$
, 2.3 (16) $M_{1}$ $M_{1}(\xi)\in C^{\infty}(\mathrm{T})^{dd}\chi$
, (15)
, $r$ .
























(digital filter) . ,
$S$ : $\{x_{n}\}_{n\in \mathrm{z}}arrow;\{X_{n-1}\}_{n\in \mathrm{z}}$
. ,
$(h*X)_{n}=(X*h)_{n}= \sum h_{k}x_{n^{-k}}=\sum h_{k}S^{k}x_{n}$




3.1 , $h=\{h_{n}\}_{n\in \mathrm{Z}}$ , $h$ $z$
$H(z):= \sum_{n\in \mathrm{z}}h_{n}z^{-n}$
. $z=e^{i\xi}$
. , $H$ $h=\{h_{n}\}_{n\in \mathrm{Z}}$









, $f\in V_{1}$ . $V_{1}=V_{0}\oplus W_{0}$ , $f$ $V_{0}$
$\mathrm{H}’,$
,
$\pi_{V_{0}}f$ , $h_{f}=\{(h_{f})_{n}\}_{n}\in \mathrm{Z}\in\ell^{2}(\mathrm{Z})$ , $V_{0}$
$\{\varphi(x-k)\}_{k}\in \mathrm{z}$ ,
$\pi_{V_{\mathrm{O}}}f(X)=\sum(h_{f})_{k\varphi(x}-k)=\sum(h_{f})_{k}s^{k}\varphi(X)$ (17)
$k\in \mathrm{Z}$ $k\in \mathrm{Z}$.
. , 5 $\pi_{V_{0}}f$ , $\varphi(x)$
$h_{f}\in l^{2}(\mathrm{Z})$ . $f$
$W\mathit{0}$ $\pi_{W_{0}}f$ , $g_{f}=\{(gf)_{n}\}_{n}\in \mathrm{z}\in\ell^{2}(\mathrm{Z})$ , $W0$
$\{\psi(x-k)\}k\in \mathrm{z}$ ,
$\pi_{W_{0}}f(X)=\sum(g_{f})_{k}\psi(x-k)=\sum(h_{f})_{k}Sk\psi(x)$ (18)
$k\in \mathrm{Z}$ $k\in \mathrm{Z}$
.
$m_{0}(f)( \xi):=\sum(h_{f})_{k}e^{-ik}\xi$ , $m_{1}(f)( \xi):=\sum(g_{f})_{k}e^{-ik}\xi$











. , $V\mathit{0}$ $W\mathit{0}$




, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}_{\mathrm{M}}\overline{\varphi}(\xi)$ , $\overline{\mathrm{M}\varphi}(\xi/2)\equiv 1$ , Meyer
$\mathrm{M}m_{\mathit{0}}$ ,
$\mathrm{M}m_{\mathit{0}}(\xi/2)=_{\mathrm{M}}\overline{\varphi}(\xi)/\overline{\mathrm{M}\varphi}(\xi/2)=_{\mathrm{M}}\overline{\varphi}(\xi)$
, $\mathrm{M}m_{0}(\xi/2)_{\mathrm{M}}^{-}\overline{\varphi}(\xi/2)$ , , $0$ $[-4\pi/3,4\pi/3]$
. , 23 (16) ,
$m_{0}$ $m_{1}$
$|m_{0}(\xi)|2|+m_{1}(\xi)|^{2}\equiv 1$
. Meyer $\mathrm{M}m_{1}$ , $[-2\pi/3,2\pi/3]$ $\overline{\mathrm{M}\varphi}(\xi)$ $\equiv 1$
, , $[-8\pi/3, -2\pi/3]\cup[2\pi/3,8\pi/3]$











. , $\varphi$ ,
(6) $m\mathit{0}$ . ,





. , $F^{-1}$ . ,
$m_{0}( \xi):=\sum h_{k}e^{-ik\xi}$ , $m_{1}(\xi)$ $:=‘ \sum g_{k}e^{-ik\xi}$ (26)
$k\in \mathrm{Z}$ $k\in \mathrm{Z}$






3.1 - . , , [1], 10.2.1 .
3.1 $f\in L^{2}(\mathrm{R})$ , $\{f(x-k)\}_{k}\in \mathrm{z}$
. $\{V_{j}\}_{j\in}\mathrm{z}$ , (26)
$m_{0}$ $m_{1}$ .
,
$F_{0}(x):=2 \sum_{k\in \mathrm{Z}}h_{k}f(2x-k)$ , $F_{1}(x):=2 \sum_{k\in \mathrm{z}^{gk}}f(2x-k)$
, $j\in \mathrm{Z}$ , $\{(F_{i})_{j}k\}i\in\{0,1\},k\in \mathrm{z}$ ,
$\overline{\mathrm{S}\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{n}}\{(Fi)jk\}i\in_{\mathrm{t}^{0,1}\},k\in \mathrm{z}}=\overline{\mathrm{S}\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{n}}\{f_{j+1,k}\}_{k\in}\mathrm{z}$ (28)
.





















. , (21) $\varphi(x)$ $\psi(x)$
. , $m_{1}$ (24) . , 1
$0$
, $\overline{m}_{0}(\xi)\in C^{\infty}(\mathrm{T})$






. , 4.1 .

















, $\{\mathcal{V}_{j}\}_{j}\in \mathrm{Z}$ , $d=2$ , 1
$r$ .
4.2
. 2.3 , $M_{1}(\xi)\in C^{\infty}(\mathrm{T})^{2\cross 2}$
$M_{1}(\xi)M_{0}(\xi)$ $M_{1}(\xi+\pi)M_{0}(\xi+\pi))\in U(4;c^{\infty}(\mathrm{T}))$ (30)
. , $U(4;C^{\infty}(\mathrm{T}))$ $C^{\infty}(\mathrm{T})$
4 . (29) $k$ , 2.3

















$j$ $\epsilon_{j}=0$ 1 , $j$ $m_{0}$ $m_{1}$
.
$\psi_{1}$ $\psi_{2}$ , $\overline{m}_{0}=$















, $\hat{f}(\xi),$ $\xi\hat{f}(\xi)\in L^{2}(\mathrm{R})$ , $\xi \mathrm{a}\mathrm{v}$ $\hat{f}$ , $\triangle_{f}\wedge$
$\hat{f}$ ,
$[x\mathrm{a}\mathrm{V}^{-\triangle_{f}}, x\mathrm{a}\mathrm{v}+\Delta_{f}]\cross[\xi \mathrm{a}\mathrm{V}^{-\Delta_{f’}}\wedge\xi \mathrm{a}\mathrm{v}+\triangle_{f^{]}}\wedge$
(time-frequency window)
5.1 .







, $m_{0}$ $m_{1}$ (
) . , Daubechies
, 4.1 5.1
.
5.1 $d=2,$ $N\in \mathrm{N}$ . 1 $r$
$\varphi,$ $r$ $\psi$ .
Daubechies
$2N-1$





$\psi_{2}(x)$ $:=2 \sum_{k=}^{-1}2N\mathit{0}(-1)k+1Nh_{k}\psi.(2x+k-1)$ (37)
$\Psi:={}^{t}(\psi_{1}, \psi_{2})$ $r$
.
5.1 Daubechies [9] ,
. [9] Table 6.1
$\{_{N}h_{k}\}$ ,
$2N-1$
$Nm_{0}( \xi)=2^{-1/2}\sum Nh_{k}e^{-ik\xi}$ (38)
$k=0$
, 5.1 . , [9]
$Nmo(\xi)$ $\overline{m}_{0}(\xi)$ ,
$\psi_{1}(x)$ $:=2^{1/2} \sum_{=k}^{2N}-10Nh_{k}\psi(2x-k)$ (39)
$\psi_{2}(x)$ $:=2^{1/2} \sum_{k}^{-1}2N=0(-1)^{k1}+_{N}hk\psi(2x+k-1)$ (40)
.
5.1 ,
. , 1 $r$
,
$(\mathrm{i})\mathrm{M}\varphi,$ $\mathrm{M}\psi$ . Meyer
$(\mathrm{i}\mathrm{i})03\varphi,$ $\mathrm{D}3\psi.$ DaubeChieS D3 $(\mathrm{N}=3)$
(iii) $\mathrm{C}6\varphi,$ $\mathrm{C}6\psi.\cdot$ (coiflet) C6
$(\mathrm{i}\mathrm{v})\mathrm{S}6\varphi,$ $\mathrm{s}\epsilon\psi$ . (symlet) S6
17
1: Meyer
, Haar Daubechies D2
$-$
, Daubechies $\mathrm{D}3$ , C6,
S6 , Haar Daubechies D2
. , $\varphi,$ $\psi$ ,
.
, , [9] . , 1
$- 0$
$\overline{m}0$ $\overline{m}_{1}$ ,
(a) $\mathrm{H}m_{0,\mathrm{H}}m_{1}$ . Haar













, Haar Daubechies D2
Scaling functions Multiwavelets Multiwavelets
by D3 uniwavelets with Haar filter with D2 filter









6: C6 , Haar
Daubechies D2
Scaling functions Multiwavelets Multiwavelets
by S6 uniwavelets with Haar filter with D2 filter
7: S6 Haar DaubeChies
D2
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